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I. INTRODUCTION
There are two Ricci-flat pp-waves which admit a six dimensional proper isometry group
[1, 4]. They are :
• The circularly polarised plane wave or Anti-Mach metric [2],
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• The Lukash plane wave [3, 4] .
Both may be cast in Brinkmann coordinates as
ds2 = 2dUdV + dX2 + dY 2 + 2K(U,X, Y )dU2 , (I.1)
where
• for the anti-Mach metric the profile K(U,X, Y ) is that of a circularly polarized
monochromatic gravitational wave [2, 4–9],
K = 1
2
(X2 − Y 2) cos(2U)−XY sin(2U) ; (I.2)
• for the Lukash plane wave [3, 4] the profile is instead,
K = Re
(
CZ2U2(iκ−1)
)
(I.3)
where Z = X + iY . For κ = 0 (I.3) would reduce to the singular profile U−2 studied
in [4, 7, 10]. The transition κ→ 0 is not continuous though, and therefore κ > 0 will
be assumed in what follows.
Both metrics have cosmological applications. The first one provides a powerful argument
for the existence in Einstein’s theory of gravitational waves in the complete absence of
material sources or localised patches of curvature, since the metric is spacetime homogeneous,
i.e., invariant under the action of a four-dimensional simply-transitive group of symmetries.
The second has been shown to approximate at late times a wide class of spatially homoge-
neous (or cohomogeneity one) cosmological models with vanishing or negligible cosmological
constant, in which the matter density is also negligible [11–13].
Circularly polarized waves are quite well-known , therefore we shall focus our investigation
at Lukash plane waves [3, 4].
Brinkman coordinates for Lukash plane waves are well-defined for all V,X, Y and U > 0
but they break down at U = 0. The nature of the singularity at U = 0 was the subject of a
number of investigations [14–17] subsequent to [3, 11, 12] and motivated in part by [18].
By analogy with Friedmann-Lemaˆıtre metrics, with the spatial coordinates used to de-
scribe spatially homogeneous but anisotropic cosmologies, xi, x2, x3 are typically chosen to
parametrise the transitive action of the three-dimensional group G3 on its spacelike orbits
[4, 19, 20]. For κ 6= 0, G3 is of Bianchi type IV , V Ih or V IIh. For more details and references
to the original literature the reader may consult [4, 16, 19].
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The temporal coordinate is then typically chosen as proper time τ along the orthogonal
trajectories of those orbits. If matter is present in the form of a perfect fluid, these orthogonal
trajectories may coincide with the fluid flow lines as happened in the case of Friedmann-
Lemaˆıtre models. If the fluid flow lines are not orthogonal to the orbits of G3 then the model
is referred to as “tilted” [21].
Two striking achievements of [14–17] were
• To construct such a set of un-tilted coordinates for Lukash Plane waves adapted to
the Bianchi type V IIh group.
• To show that these coordinates break down at finite comoving time in the past at a
fictitious singularity at which the orbits become lightlike. In other words their is a
Killing horizon ; before that time the orbits are timelike.
In fact the coordinates constructed in [14–17] are precisely a set of BJR (Baldwin-Jeffery-
Rosen) coordinates, in which the Lukash plane wave is manifestly plane symmetric.
According to [3], (I.1) is an exact spatially homogeneous (but anisotropic) vacuum,
Bianchi type V IIh cosmological model which may be identified with the general asymp-
totic solution of the perfect fluid Bianchi type V IIh with vanishing cosmological constant
Λ, discovered in [11, 12].
The authors of [11] claimed, in a widely discussed paper, that the Bianchi V IIh models
are the generic case and that an open set of such models failed to isotropise at late times
– a conclusion confirmed (among others) by [13, 22] and prompting the interrogative title :
“Why is the Universe isotropic ?” of [11], designed, successfully, to initiate an extensive
and partly philosophical debate involving such ideas as the so-called anthropic principle.
The most popular modern answer to this question is : “because of a primordial inflationary
phase dominated by an effective cosmological constant”. But the debate is ongoing.
These investigations were carried out in coordinates adapted to the Bianchi V IIh group
action. In order to relate them to the special pp-wave metric (I.1) is is necessary to pass
from Brinkmann to BJR coordinates, in which the metric has the form
ds2 = 2dudv + aij(u)dx
idxj . (I.4)
This was first achieved in [14] and partially described in subsequent publications [15–
17, 23] in a variety of coordinate systems and spacetime signatures.
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The pertinent results of [14–17] are scattered among four papers published over a number
of years, one of which is not easily available. One of the intentions of the present paper is to
provide a systematic and self-contained derivation in a uniform notation and conventions,
consistent with current work on gravitational waves. But beyond that we shall explore
more deeply the nature of the horizons and there relation to what has been learnt about
cosmological horizons and their associated thermal properties.
The organisation of the paper is as follows. In section II we shall, following the pioneer
work of Siklos, cast the Brinkmann form of the Lukash metric into BJR coordinates.
In section III we shall provide a review of the Bianchi type V IIh group [4, 19, 20] and
then in section IV we show how the metric may be regarded locally as a Bianchi type V IIh
deformation of the of Milne’s empty and flat empty Friedmann-Lemaˆıtre cosmology.
In section V we shall expand on this theme by examining the global structure of the
Lukash solution. In particular we shall show that it consists of two regions, one dubbed
the Milne region, in which the the orbits of Bianchi type V IIh group are spacelike and the
other, dubbed the Rindler region, in which the the orbits of Bianchi type V IIh group are
timelike. The two regions are separated by a Killing horizon. The discussion is illustrated
by suitable Penrose diagrams see [24].
Then in section VI we show that Rindler region admits a family of uniformly accelerated
observers who, for a suitable choice of the vacuum state, observe a thermal distribution of
particles. This is a cosmological version of the Unruh effect in flat spacetime.
The paper ends with a conclusion.
II. LUKASH PLANE WAVES
The aim of this section is to show that the metric (I.1) with profile (I.3) may locally be
cast into the form of a spatially homogeneous metric of the form
ds2 = −dt2 + gij(t)λiλj , (II.1)
where λi are left-invariant one forms on a group of Bianchi type V IIh as given in (III.8).
This will be achieved by first converting the Brinkmann metric (I.1) to BJR form and then
showing that that the latter may be cast in Bianchi V IIh form.
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A. Siklos’ theorem
In [17] Siklos considered the Brinkmann metric, his # (3.1), which depends on two non-
negative real parameters C, κ,
ds2 = 2dUdV + 2dζdζ¯ − C(U2(iκ−1)ζ2 + U−2(iκ+1)ζ¯2)dU2 , (II.2)
where ζ = X+iY√
2
. The parameter are chosen C non-negative and κ > 0. By U iθ = eiθ lnU the
Brinkmann profile of the metric can also be presented in real form,
− C
U2
[
cos
(
2κ ln(U)
)
(X2 − Y 2)− 2XY sin (2κ ln(U))]dU2 . (II.3)
We now state :
Theorem (Siklos) : Let us assume that κ > 0. Then the coordinate transformation
(ζ, U, V )→ (ξ, u, v) defined by
ζ = eiαus−iκ
(
ξuib cosh(µ/2)− ξ¯u−ib sinh(µ/2)) , (II.4a)
V = v − u
2s−1
2
[
2s ξξ¯ cosh(µ)− ((s+ ib)ξ2u2ib + c.c.) sinh(µ)] , (II.4b)
augmented with U = u carries the Brinkmann-form metric (II.2) to 1
ds2 = 2dudv + u2s
[
2 cosh(µ)dξdξ¯ − sinh(µ)(u2iksdξ2 + c.c.)] , (II.5)
provided the conditions
b = ks (II.6a)
b cosh(µ) = κ (II.6b)
s− s2 = κ2 tanh2(µ) , (II.6c)
C cos(2α) = −2κ2 tanh(µ) , (II.6d)
C sin(2α) = (2s− 1)κ tanh(µ) (II.6e)
hold 2.
1 (II.5) is eqn. (A.1) of Siklos.
2 For κ = 0 the relations (II.6) are contradictory and will not be considered here, as said in the Introduction.
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The proof is obtained by a term-by-term calculation.
1.
dζ = eiαus−iκ
(
uib cosh(µ/2) dξ − u−ib sinh(µ/2) dξ¯)
+ eiαus−iκ−1
(
(s− iκ+ ib) cosh(µ/2)ξuib − (s− iκ− ib) sinh(µ/2)ξ¯u−ib
)
du .
Thus
2dζdζ¯ = u2s
[
2 cosh(µ)dξdξ¯ − sinh(µ)(u2ibdξ2 + c.c.)]
+ 2u2s−1
[(
(s− ib) cosh(µ) + iκ)ξ¯ − (s+ ib) sinh(µ)u2ibξ] dξdu+ c.c.
+ u2(s−1)
[
2
(
(s2 + κ2 + b2) cosh(µ)− 2κb)ξξ¯] du2
− u2(s−1) [(s2 + κ2 − b2 + 2isb) sinh(µ)u2ibξ2] du2 − c.c. .
Comparing with (II.5) shows that dξdξ¯ terms match nicely and the dξ2 and dξ¯2 terms
match if (II.6a) holds.
2. Similarly,
dV dU = dvdu − u2s−1 [s cosh(µ)ξ¯ − (s+ ib)ξ sinh(µ)u2ib] dξdu− c.c.
+ u2(s−1)
[
s(1− 2s)ξξ¯ cosh(µ)] du2
+ u2(s−1)
[−(s+ ib− 1/2)(s+ ib)ξ2u2ib sinh(µ)] du2 + c.c. .
Then the combined dξdu and dξ¯du terms in 2dζdζ¯ and in 2dV dU , respectively, cancel
if (II.6b) (denoted by (A.2) in [17]) holds.
3. Finally, we calculate the profile of the Brinkmann metric (II.2),
− C(U2(iκ−1)ζ2 + U−2(iκ+1)ζ¯2)dU2
= u2(s−1)e2iα
[
ξ2u2ib cosh2(µ/2) + ξ¯2u−2ib sinh2(µ/2)− ξξ¯ sinh(µ)] du2 + c.c. .
Collecting all du2 terms, shows that they match if the relations (II.6) [which are (A.3)
- (A.5) of Siklos] hold.
The parameter b can be eliminated by combining (II.6a) and (II.6b) to yield s =
κ/(k coshµ); then substituting into Eq. (II.6c) yields,
κ =
k coshµ
1 + k2 sinh2 µ
(II.7)
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from which we deduce in turn
s−1 = 1 + k2 sinh2 µ . (II.8)
Hence
0 ≤ s ≤ 1 (II.9)
Moreover, from the relations in (II.6) allow us to infer a 4th order equation for s,
1
4
(2s− 1)4 + (κ2 − 1
4
)
(2s− 1)2 + C2 − κ2 = 0.
with four (a priori complex) solutions
s =
1
2
± 1√
2
√
1
4
− κ2 ±
√
(1
4
+ κ2)2 − C2 . (II.10)
Having found s, the other parameters are expressed as,
k =
√
κ2 + s2 − s
s2
, b =
√
κ2 + s2 − s, sinh2 µ = (1
s
− 1)1
k
, tan(2α) =
1− 2s
2κ
. (II.11)
Real solutions arise when the quantities below the square roots are non-negative. Their
number is thus determined by the parameters C and κ. A careful analysis consistent with
the Appendix of ref. [17] shows that
1. When
κ < 1/2 and κ < C < κ2 + 1/4 ; (II.12)
we get 4 real values for s given in (II.10);
2. When
κ < 1/2 and κ = C (II.13)
we get 3 real values for s, namely
s =
 12 ±
√
1
4
− κ2
1
2
; (II.14)
3. When
κ < 1/2 and C < κ (II.15a)
κ < 1/2 and C = κ2 + 1/4 ; (II.15b)
get two real values for s in both cases ;
4. We get one real value, s = 1/2, when
κ = C ≥ 1/2 . (II.16)
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B. From B to BJR by Sturm-Liouville
Now we put Siklos’ result into a broader perspective. Our clue is to realize that setting ξ =
x+iy√
2
the coordinate transformation (II.4) carries the pp wave metric written in Brinkmann
coordinates, (I.1), to the Baldwin-Jeffery-Rosen (BJR) form (I.4) : introducing the matrix
a = (aij) with entries
a11 = u
2s
[
cosh(µ)− sinh(µ) cos (2b ln(u))] ,
a12 = a21 = u
2s sinh(µ) sin
(
2b ln(u)
)
,
a22 = u
2s
[
cosh(µ) + sinh(µ) cos
(
2b ln(u)
)]
,
(II.17a)
the metric (II.5) is (I.4) with profile aijdx
idxj.
Siklos’ coordinate transformation (II.4) fits into the framework put forward in ref. [25] :
X i = Pijx
j , U = u , V = v − 1
4
xi
daij
du
xj , where aij(u) = P
TP , (II.18)
where the matrix P (u) satisfies a 2× 2 matrix Sturm - Liouville equation [8],
P ′′ij = KikPkj , (P
T )′P = P TP ′ . (II.19)
Instead of solving our S-L eqn directly, we shall work backwards: we show that the “square-
root” matrix P = (Pij) of the BJR profile a = (aij) satisfies, with the B-profile Kij in (II.3),
(II.19). Inferring P (U) =
(
P (U)ij
)
from (II.17a),
P11 = U
s
[
cosh(µ/2) cos
(
α− (κ− b) ln(U))− sinh(µ/2) cos (α− (κ+ b) ln(U))] ,
(II.20a)
P12 = −U s
[
cosh(µ/2) sin
(
α− (κ− b) ln(U))+ sinh(µ/2) sin (α− (κ+ b) ln(U))] ,
(II.20b)
P21 = U
s
[
cosh(µ/2) sin
(
α− (κ− b) ln(U))− sinh(µ/2) sin (α− (κ+ b) ln(U))] ,
(II.20c)
P22 = U
s
[
cosh(µ/2) cos
(
α− (κ− b) ln(U))+ sinh(µ/2) cos (α− (κ+ b) ln(U))] (II.20d)
a tedious calculation allows one to verify that (II.20) is indeed a solution of the Sturm -
Liouville equation (II.19) if s takes one of the real values in (II.10). The parameters are
given in eqns (II.11). Let us emphasise that to any good choice of s is associated a B→ BJR
transcription. In the range (II.12) for example, we have 4 different B→ BJR transcriptions.
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III. THE BIANCHI TYPE GROUP V IIh
Before converting the metric to the Bianchi form, we collect some relevant facts about
the Bianchi group V IIh [4, 19, 20]. The latter has a matrix representation
g(λ, η) =

ei(1−ic)λ 0 η
0 1 λ
0 0 1
 (III.1)
where λ ∈ R and η ∈ C. To obtain a real representation one sets
i =
 0 −1
1 0
 (III.2)
in the first column and replaces η by
 µ
ν
 with µ, ν ∈ R 3. One may verify that
g(λ1, η1)g(λ2, η2) = g(λ1 + λ2, e
i(1−ic)λ1η2 + η1) . (III.3)
Infinitesimally
g =

1 0 0
0 1 0
0 0 1
+ λ

i(1− ic) 0 0
0 0 0
0 0 0
+ η

0 0 1
0 0 0
0 0 0
+ . . . (III.4a)
= 1 + µe1 + νe2 + λe3 + . . . (III.4b)
where
e1 =

0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
 , e2 =

0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0
 , e3 =

c −1 0 0
1 c 0 0
0 0 0 1
0 0 0 0
 . (III.5)
The e1, e2, e3 form a basis of of the Lie algebra viih with commutation relations
[e3, e1] = ce1 + e2 , [e3, e2] = ce2 − e1 . (III.6)
3 The matrix (III.2) squares to unity, i2 = 1. Setting i in the first column and η = µ + iν ∈ E ≡ R ⊕ R
where E are the double numbers (c.f. [26]) one passes to the Bianchi type V Ih group with SO(2) replaced
by SO(1, 1).
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Thus we get
g−1dg = e1λ1 + e2λ2 + e3λ3 (III.7)
λi is a basis of left-invariant one-forms given by
λ1 = e−cλ(cosλdµ+ sinλdν)
λ2 = e−cλ(cosλdν − sinλdµ) (III.8)
λ3 = dλ
and the non-trivial Maurer-Cartan relations are
dλ1 = −cλ3 ∧ λ1 + λ3 ∧ λ2 , dλ2 = −cλ3 ∧ λ2 − λ3 ∧ λ1 . (III.9)
In terms of structure constants: if
[ei, ej] = Ci
k
jek (III.10)
then dλk = −1
2
Ci
k
jλ
i ∧ λj , where
C3
1
1 = −C1 1 3 = c , C3 2 1 = −C1 2 3 = 1
C3
2
2 = −C2 2 3 = c , C3 1 2 = −C2 1 3 = −1 . (III.11)
The vector fields generating left actions on V IIh are obtained by taking λ1 and η1 infinites-
imal. From (III.3) we find δη2 = η1 , δλ = λ1 + i(1− ic)ηi which correspond to:
R1 = ∂µ , R2 = ∂ν , R3 = ∂λ + µ∂ν − ν∂µ + c(µ∂µ + ν∂ν) , (III.12)
whence
[R3, R1] = −cR1 −R2 , [R3, R2] = −cR2 +R1 . (III.13)
In other words,
[Ri, Rj] = −Ci k jRk . (III.14)
Cartan’s formula LV ω = d(iXω) + iXdω with V = Ri and ω = λj, shows that the one
forms λj are left-invariant, LRiλj = 0 . From (III.11) we deduce that
Ci
k
k = (0, 0, 2c) (III.15)
which confirms that the Bianchi V IIh is not non-unimodular, that is, the adjoint represen-
tation is not volume-preserving, known in the cosmology literature as class B.
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To make contact with (I.4) it is helpful to note that
k(λ1)2 + k(λ2)2 + (λ1)2 − (λ2)2 =
e−2cλ
{
(k + cos 2λ)dµ2 + 2 sin 2λdµdν + (k − cos 2λ)dν2
}
. (III.16)
We have (
λ1
)2
+
(
λ2
)2
= e−2cλ(dµ2 + dν2) (III.17a)(
λ1
)2 − (λ2)2 = e−2cλ(cos(2λ)(dµ2 − dν2) + 2 sin(2λ)dµdν) (III.17b)
2λ1λ2 = e−2cλ(cos(2λ)2dνdµ− sin(2λ)(dµ2 − dν2)) . (III.17c)
IV. BIANCHI FORM OF THE METRIC
We are now in a position to convert the metric to Bianchi form. We introduce coordinates
u = te−
z
2b , v = −1
2
te
z
2b , (IV.1)
in the region for which u > 0 and v < 0. We note that
2dudv = −dt2 + 1
4b2
t2dz2 , 2b lnu = 2b ln t− z , u2s = t2se− szb . (IV.2)
Expanding the trigonometric functions the metric may be cast in a form similar to that in
[14] sec.4. quoted below (IV.8c). To show that it is of the form (II.1) one may attempt to
use the expressions for the left-invariant one forms λi in (III.8). This entails relating λ to z
and x, y to µ, ν. We have
aijdx
idxj = t2se−
sz
b sinhµ
(
cothµ
(
dx2 + dy2)
− ( cos(2b ln t) cos z + sin(2b ln t) sin z)(dx2 − dy2)
+ 2
(
sin(2b ln t) cos z − cos(2b ln t) sin z)dxdy)
Examining the large round bracket, we find that the first term is independent of t and by
(III.17a) should correspond to
(
λ1
)2
+
(
λ2
)2
. The term proportional cos(2b ln t) is(
cos z(dx2 − dy2) + 2 sin zdxdy) (IV.3)
and by (III.17b) should correspond to
(
λ1
)2 − (λ2)2. The term proportional sin(2b ln t) is
(sin z(dx2 − dy2)− 2 cos zdxdy) (IV.4)
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and by (III.17c) should correspond to 2λ1λ2. Indeed, with the identifications
µ = x , ν = y , λ = z/2 and c = s/b, (IV.5)
this metric can be brought to the generic Bianchi V IIh form (II.1). The non-vanishing
metric elements are
g11 = t
2s
(
cosh(µ)− sinh(µ) cos(2b ln t)
)
, (IV.6a)
g22 = t
2s
(
cosh(µ) + sinh(µ) cos(2b ln t)
)
, (IV.6b)
g12 = t
2s sinh(µ) sin(2b ln t) , (IV.6c)
g33 =
t2
b2
. (IV.6d)
Using (II.6a), the group parameter h = c2 becomes h−1 = k2. This confirms the results in
[14] sec.4.1 where the author listed three types of vacuum solutions with spacelike orbits of
the form 4
ds2 = dt2 − t
2
4b2
dz2 − v−2aΩijdxidxj (IV.7)
with
b =
|1− k2|
2m
, v = te
z
2b , u = te−
z
2b , (IV.8a)
Ω =
 1 − ln vm
− ln v
m
1 + ( ln v
m
)2
 , type IV , k = 1 (IV.8b)
Ω =
 k + cos(2b ln v) − sin(2b ln v)
− sin(2b ln v) k − cos(2b ln v)
 , type V IIh , k > 1 , (IV.8c)
Ω =
 k + cosh(2b ln v) − sinh(2b ln v)
− sinh(2b ln v) k − cosh(2b ln v)
 , type V Ih , k < 1 . (IV.8d)
It should be noted that by (IV.8a) real coordinates t, z exist only if
uv > 0 (IV.9)
and so cover only half of the possible range of u, v coordinates. However, the matrix Ω in
(IV.8c) is positive definite and hence invertible for all v > 0.
4 His conventions differ from those used in IV.1 by a sign, a factor of two and the interchange of u and v.
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The metric (IV.7) expressed in terms of u, v, x, y coordinates is non-singular for all u, x, y
and v > 0. We shall return to this point in sec.V. The three possibilities in (IV.8) correspond
to fig.3, taken from [20] and reproduced in the Appendix.
We note also that taking the limit |k2 − 1| ↓ 0 and redefining the coordinates x, y and t
yields (IV.8b). Similarly, replacing b by ib interchanges (IV.8c) and (IV.8d).
The Bianchi type IV metric (IV.8b) (due to Harvey et al [27], who mention its Machian
aspects) is related to that of the singular vortex [7, 10]; (IV.8c) is due to [3]. The metric
(IV.8d) is ascribed to Collins [28].
Siklos’s aim was to obtain algebraically special Einstein metrics. The latter satisfy Rµν =
1
4
Rgµν and hence by the Bianchi identities
Rµν = Λgµν (IV.10)
where Λ is a the cosmological constant. He lists (his eqns. (4.8)-(4.13)) 6 different such
Bianchi type IVh= 1
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metrics which in general have a non-vanishing cosmological constant.
V. GLOBAL CONSIDERATIONS
A. Flat Spacetime: Milne versus Rindler
We begin this section by recalling the properties of null coordinates and the nature of
conformal infinity for flat spacetime in preparation for our treatment of the global structure
of Lukash plane waves and there cousins.
Let U, V be a null coordinates for flat Minkowski spacetime defined by,
U =
1√
2
(X3 +X0) , V =
1√
2
(X3 −X0) . (V.1)
W see that U increases to the future but V increases to the past. They, together withX = X1
and Y = X2 are Brinkman coordinates for Minkowski spacetime. We will introduce a system
of non-trivial BJR coordinates (u, v, x, y) for half of Minkowski spacetime U = u > 0 5.
We shall bein by introducing a set Bianchi V IIh coordinates for one quarter of Minkowski
spacetime u > 0, v < 0. This region we shall, for reasons which will become apparent, refer
5 This “standard” notation differs from that used in [14–17] in sec.II except for the summary in the last
subsection.
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to as Region II or the Milne Region. The region for which u > 0, v > 0 we shall refer to as
Region I or the Rindler Region. See Figs.1 and 2 in sec.V B below.
We visualise the situation using a two-dimensional Carter-Penrose diagram with coor-
dinates u, v and metric 2dudv, in which each point corresponds to a two-surface spanned
by the coordinates x, y and for which light rays are at 45◦. This diagram may conformally
compactified by introducing u˜ = tanhu and v˜ = tanh v. Then the Penrose diagram becomes
two square-diamonds of side 1, joined across a common side v˜ = 0. Similar diagrams have
been shown in the papers of Siklos [14, 16, 17].
In our case, the lower box, which causally precedes the upper box is Region I or the
Rindler region, and the upper region is Region II or the Milne region 6 .
1. The Milne Region
In order to understand the global structure of the Lukash plane wave it is helpful to
consider the flat limit when no wave is present, i.e., when C = 0 in Brinkmann coordinates.
This is clearly the metric of Minkowski spacetime, with −∞ < U < ∞, −∞ < V < ∞. If
U = 0 we have a null-hyperplane separating Minkowski spacetime in two halves, one half to
its future, U > 0, and one to its past U < 0. If C 6= 0 U = 0 then is singular and we can
with no loss of generality restrict U to positive values. If we set
U = u , V = v − 1
2
(x2 + y2)u , X = ux , Y = uy , (V.2)
we find that
ds2 = 2dUdV + dX2 + dY 2 = 2dudv + u2(dx2 + dv2) , (V.3)
which is flat spacetime in a BJR coordinate system. They differ from the obvious choice for
flat spacetime. This is of course not surprising, since, for given Brinkmann coordinates, the
associated BJR coordinates are not unique; see sec.II.
Note that the coordinate transformation (V.2) is valid only if U = u > 0 or U = u < 0
and is singular on the null hyperplane u = U = 0. The further coordinate change
u = tez , v = −1
2
te−z (V.4)
6 Our description agrees with Figure 1 of [14] except the diagram should be inverted about the middle of
his horizon to; his zig-zag line is our U = 0 which will singular in the non-flat Lukash wave case.
15
transforms the metric to
ds2 = −dt2 + t2
{
dz2 + e2z(dx2 + dy2)
}
. (V.5)
Note that (V.4) is valid only if u > 0, v < 0 . Let us call this region II, since it is to the
future of the region I which is defined as u > 0, v > 0.
Since the 3-metric in the braces is of constant negative curvature the spacetime metric
is of Friedmann-Lemaˆıtre form with t playing the role of cosmic time and x, y, z being
comoving coordinates. The 3-metric in braces in (V.5) is that of the upper-half space model
of three-dimensional hyperbolic space H3, but as such is not global.
The isometry group of hyperbolic space is SO(3, 1) and (V.5) makes manifest the Bianchi
VII subgroup, together with an additional SO(2), the so-called LRS action.
2. The Rindler Region
Having dealt with region II we now return to consideration of region I, that is v > 0 .
We replace (V.4) by
u = z˜et˜ , v = 1
2
z˜e−t˜ (V.6)
and find that
ds2 = dz˜2 + z˜2
{
−dt˜2 + e2t˜(dx2 + dy2)
}
. (V.7)
The metric in braces is Lorentzian and is that of one half of three-dimensional de-Sitter
spacetime dS3. It has constant curvature. In terms of the Carter-Penrose diagram the
metric is
2dudv = −(dx0)2 + (dx3)2 = −z˜2dt˜2 + dz˜2 (V.8)
and is valid inside the so called right hand Rindler Wedge x3 > |x0|. Since
x0 = z˜ sinh t˜ , x3 = z˜ cosh t˜ (V.9)
the timelike curves z˜ = constant > 0 are hyperbolae and the orbits of Lorentz boosts about
the origin. As a consequence they may consider the world lines of Rindler observers having
constant acceleration. The null line t˜ = z˜ is their future horizon and the null line t˜ = −z˜
their past horizon.
16
This should be contrasted with the Milne region II. In that case
ds2 = 2dudv = (dx0)2 − (dx3)2 = −dt2 + t2dz2 (V.10)
whence
x0 = t sinh z , x3 = t cosh z . (V.11)
The curves z = constant are timelike straight lines through the origin which may be consid-
ered the worldlines of Milne’s cosmological observers.
B. Penrose Diagram
All of flat metric on two-dimensional Minkowski spacetime E1,1 with metric ds2 = 2dudv
and −∞ < u < ∞ , −∞ < v < ∞ may be conformally mapped into the interior of the
square −pi
2
< u˜ < pi
2
, −pi
2
< v˜ < pi
2
, by u = tan u˜ , v = tan v˜ under which
2dudv =
2
Ω2(u˜, v˜)
du˜dv˜ , where Ω = cos u˜ cos v˜ , (V.12)
so that Ω > 0 inside the square but vanishes on the boundary , i.e. “at infinity”. Now
dΩ = −(sin u˜ cos v˜du˜+ cos u˜ sin v˜dv˜) (V.13)
which is non-vanishing on the boundary except at the corners. With our conventions
• The interior of the sides u˜ = −pi
2
and v˜ = pi
2
are components of “past null infinity “ I−
pronounced “scri-minus”.
• The interiors of the sides u˜ = pi
2
or v = −pi
2
are components of “future null infinity”
I+− pronounced “scri-plus”.
• The corner (u˜, v˜) = (pi
2
,−pi
2
) is called “future timelike infinity”, I+ pronounced “i-plus”.
• The corner (u˜, v˜) = (−pi
2
,+pi
2
is called “past timelike infinity” , I− pronounced “i-
minus” .
• The corners (u˜, v˜) = (pi
2
, pi
2
) and (u˜, v˜) = (−pi
2
,−pi
2
) are the two components of “spatial
infinity”, I0 pronounced “i-nought”.
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FIG. 1: The Penrose diagram of two-dimensional Minkowski spacetime. The top two sides of the
square are future null infinity I+ (u =∞) and the bottom two sides past null infinity I− (u = −∞).
The top and bottom corners are future and past timelike infinity, I+ and I− respectively. The left
and right corners constitute spacelike infinity I0.
One may illustrate this by the following Penrose diagrams, figs.1 and 2.
To aid intuition it is useful to consider the conformally invariant wave equation
Ψ = 2∂u∂vΨ = 0 , (V.14)
with its d’Alembert solutions Ψ = ΨL(u)+ΨR(v) . The left-moving component ΨL(u) enters
the spacetime from the left hand portion of I− and leaves it via the right hand portion of
I+, while the right-moving Ψ(u) enters the spacetime from the right hand portion of I−
and leaves it via the left hand portion of I+.
In our case we are only interested in the half of the square for which u˜ > 0.
C. Kruskal-Szekeres coordinates for black holes
As a further illustration, we recall that the exterior region of the Schwarzschild solution
ds2 = −(1− 2M
r
)dt2 +
dr2
(1− 2M
r
)
+ r2
(
θ2 + sin2 dθ2
)
(V.15)
with r > 2M, −∞ < t < ∞ may be isometrically mapped into region I of the Kruskal-
Szekeres manifold, whose metric is,
ds2 =
32M3
r
e−
r
2M
(−dT 2 + dX2)+ r2(θ2 + sin2 dθ2), (V.16)
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FIG. 2: The Penrose diagram of one half of two-dimensional Minkowski spacetime. In region II
the red curves are the spacelike orbits of boosts and the green curves are normal to these orbits. In
region I the red lines are timelike orbits of boosts and the green lines normal to these orbits.
where r is given by
T 2 −X2 = e r2M
(
1− r
2M
)
. (V.17)
In region I we have X > |T | and
T = e
r
4M
( r
2M
− 1
)1
2
sinh(
t
4M
), X = e
r
4M
( r
2M
− 1
)1
2
cosh(
t
4M
) (V.18)
The interior region II is given by T > |X| , 0 < r < 2M in which
T = e
r
4M
(
1− r
2M
)1
2
cosh(
χ
4M
) X = e
r
4M
(
1− r
2M
)1
2
sinh(
χ
4M
) (V.19)
with −∞ < χ <∞.
If we introduce Kruskal-Szekeres null coordinates by (in our unconventional conventions)
by U = 1√
2
(
X + T
)
, V = 1√
2
(
X − T), we have −2UV = (1− r
2M
)
e
r
2M and
ds2 =
64M3
r
e−
r
2M dUdV + r2
(
θ2 + sin2 dθ2
)
. (V.20)
The metric is manifestly invariant under the UV-boost
U → λU , V → λ−1V (V.21)
for λ > 0. Region I and region II lie above the null line U > 0. In region I the orbits of the
boosts are timelike. In region II they are spacelike.
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D. De-Sitter spacetime
In this case the Rindler type region I has the metric
ds2 = −(1−H2r2)dt2 + dr
2
1−H2r2 + r
2
(
θ2 + sin2 dθ2dφ2
)
(V.22)
where the cosmological constant Λ = 3H2. If (in the conventions of [29] and correcting an
obvious misprint in equation (2.4))
Hr =
UV + 1
1− UV and e
Ht = −V
U
, (V.23)
then
ds2 =
1
H2
(UV − 1)−2
{
−4dUdV + (1 + UV )2(θ2 + sin2 dθ2φ2)} . (V.24)
The full Kruskal extension is given in Fig. 2 of [29] together with four regions, of which I
and II are Rindler-like and Milne-like, respectively, except that in Friedmann-Lemaˆıtre form
the metric is expanding exponentially. Indeed region I and region II may be covered by the
metric
ds = −dτ 2 + e2Hτdx2 . (V.25)
For more details and Penrose diagrams see [24] and [29].
E. Global aspects of Lukash plane waves
Now we turn to our main topic of interest – namely to Lukash plane waves. In section
IV we introduced the coordinates t and z as in (IV.1) and cast the metric in Bianchi V IIh
form as in equations (IV.6). This was valid for u > 0, v < 0. The orbits of the Bianchi V IIh
are spacelike. In order to cover the region u > 0, v > 0 we cannot use (IV.1) but rather
introduce coordinates t˜, z˜ by
u = t˜e−
z˜
2b , v = 1
2
t˜e
z˜
2b in terms of which dudv = dt˜2 − t˜2dz˜
2
4b2
(V.26)
and so ∂t˜ is spacelike and ∂z˜ is timelike. Now (II.1) is replaced by
ds2 = (dt˜)2 + gij(t˜)λ
iλj , (V.27)
where the invariant one-forms depend on z˜, x, y and the 3-metric gij(t˜) now has Lorentzian
signature + +− .
20
Since the pp-wave metric is singular at u = 0, we restrict our exploration to u > 0. In
fact, he singularity is of a type called “non-scalar” because no scalar polynomial formed
from the Riemann tensor blows up. In fact for pp-waves all scalar polynomial formed from
the Riemann tensor vanish identically.
The situation is illustrated by figure 1, p. 406 of [14] and figure 1 on p. 256 of [16]. Note
that it is clear from the statement of Theorem 2 in [16] that, compared with [14], the roles
of u and v have been interchanged and the non-scalar singularity is at u = 0. Note also
that v = 0 is referred to as a “horizon” since it is the boundary of the past of timelike
curves restricted to region II i.e., uv < 0, in which the foliation is by timelike surfaces of
transitivity.
VI. THE UNRUH EFFECT
It is well known that Killing horizons a give rise at the level of quantum field theory to
thermal effects which manifest themselves in an observer-dependent fashion. The simplest
example occurs in flat spacetime. Following ref. [30] 7 one adopts a model in which an
observer’s particle detectors are sensitive to the restriction to observer’s world line of the
correlations functions of the quantum field of the particle being detected. That is, the
observer will judge that particles have been detected with an energy spectrum given by the
Fourier transform of the correlation functions of the observers propertime. If the Fourier
transform vanishes for all negative frequencies, then no particles will be judged to have been
detected.
This is true in flat spacetime for all inertial observers since if the ambient quantum field
is in its vacuum state because the notion of positive or negative frequency is invariant under
Lorentz transformations 8. However this is not necessarily true for non-inertial observers.
This may be seen as follows. To say that a function Ψˆ(τ) has no a Fourier components
with negative frequencies is to say that its analytic continuation to the complex τ plane is
holomorphic in the entire lower half τ - plane. If t is the propertime for a particular inertial
7 Readers unfamiliar with the subject are referred to [31] where they will find a recent survey with and
many references to the original literature.
8 Strictly speaking in the connected component of the identity.
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observer, then the propertime τ of a non-inertial observer will be given by function
τ ∈ R→ t ∈ R : t = t(τ) . (VI.1)
If one now analytically extends the map (VI.1) to the complex τ plane it will not in
general map the upper half t plane to the upper half τ plane and so the pullback Ψˆ(t(τ) will
not a positive frequency function.
As an example one may consider uniformly accelerating observers for which
t = a−1 sinh(aτ) and x = a1 cosh(aτ) , (VI.2)
where a is the acceleration of the observers which are localised within two so-called Rindler
wedges given by
t ≤ |x| (VI.3)
and t = ±x are their mutual past or future event horizons
Along the world line of any given observer
aaτ = at±
√
1 + a2t2 , (VI.4)
Since t is a periodic function of τ with period in imaginary τ of a
2pi
The pullback Ψˆ(tτ)
is certainly not a purely positive function. In fact because of the periodicity the detected
spectrum will, as in the case of black hole and cosmological horizons [29, 32, 33], be thermal
with temperature
TUnruh =
a
2pi
. (VI.5)
In [25] it was pointed out that is a privileged definition of positive frequency: it is
holomorphic in the lower half V or equivalently v plane. If we apply this to the BJR metric
(I.4) then inside the Rindler-like region the proper time τ of observes at constant. ρ, x, y is
given by
τ = ρT . (VI.6)
It follows that they will see a temperature
TUnruh =
1
2piρ
. (VI.7)
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VII. CONCLUSION
In this paper we have examined in detail the geometry of the Lukash plane gravitational
wave. Our aim has been to give self-contained account of its geometry and global structure
and to relate it to spatially homogeneous cosmological models.
It is known that there are two natural and widely used, coordinate systems for plane
gravitational waves. The first, Brinkmann coordinates, regards the wave as linear combina-
tion of a Minkowski metric and a contribution which may be interpreted as a fully non-linear
gravitational wave. However the only manifest symmetry is the null translation along the
wave fronts.
The second, Baldwin-Jeffery-Rosen coordinates make manifest not only the null transla-
tion but two transverse translations within the wave fronts. In fact the general plane wave
admits two further symmetries making up five dimensional isometry group isomorphic to
the Carroll group in 2+1 dimensions with broken translations [34]. This group acts within
the wave fronts. In the case of a Lukash gravitational wave the symmetry group acquires an
extra generator which takes one out of the wave fronts and the metric becomes homogeneous.
The passage between Brinkmann coordinates and Baldwin-Jeffery-Rosen coordinates en-
tails solving a system of Sturm-Liouville equations whose solutions are not unique. In
subsection II A we have described a rather non-intuitive procedure due to Siklos which leads
to one such Baldwin-Jeffery-Rosen coordinate system. In subsection II B we show how it
may be obtained as a solution of the Sturm-Liouville system.
An important aspect of this procedure is that it reveals the existence of a three dimen-
sional subgroup of the six dimensional isometry which is of Bianchi V IIh. This group acts
transitively on three dimensional orbits and leads to an intimate connection between the
theory of gravitational waves and the theory spatially homogeneous cosmological models and
thence to the theory of Killing horizons. Since these topics are not necessarilly familiar to
those in gravitational waves we have provided in section (III) a brief overview of the Bianchi
classification and a detailed description of the Bianchi type V IIh group.
In section V we have put all this information together to provide a global picture of the
spacetime. The gravitational wave emanates from a singular wave front and is divided into
two regions which we have dubbed of Milne type and of Rindler type by a Killing horizon.
In the Milne region the orbits of the Bianchi group are spacelike and the spacetime
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resembles an anisotropic deformation of Milne’s cosmological model. In the Rindler region
the orbits are timelike and the spacetime resembles an anisotropic deformation of the Rindler
wedge.
Finally in section VI we address the obvious question of whether the Killing horizon gives
rise to thermal effects such as that known as the Unruh effect by which a class of uniform
accelerated observers confined to the Rindler wedge experience thermal radiation in the
Minkowski vacuum state. We are able to establish that this is indeed true, as long as the
quantum state is that one which has been identified previously as one in which gravitational
waves create no particles.
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VIII. APPENDIX: THE BIANCHI CLASSIFICATION
Here we summarise some standard material about the classification of so-called Bianchi
groups [4, 16, 19]. If Ci
k
j are the structure constants in some given basis of a three-
dimensional Lie algebra, satisfying (III.10) one may introduce a volume form ijk taking
values ±1 such that
Ci
k
j = ijln
kl + δki aj − δkj ai (VIII.1)
nil = nli , nijaj = 0 , (VIII.2)
where the last condition is equivalent to the Jacobi identity. Thus
Ci
k
k = 2ai (VIII.3)
As a consequence the set of such algebras decomposes into two classes :
• Class A : ai = 0 , also known as unimodular since the adjoint action of the algebra on
itself is trace free.
• Class B: ai 6= 0, also known as non-unimodular
The classification usually proceeds by using the given basis (as in (III.10)) to define a
metric δij using it to lower and raise indices. One then lets
n = nijδij , N =
1
2
(nijnij − n2) . (VIII.4)
In class A we have
• IX: detnij > 0 ,
• V III : detnij < 0,.
• V II0 : N < 0 ,
• V I: N > 0 ,
• II: N = 0 , n > 0 ,
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• I: N = n = 0 .
In class B we have
• V Ih : N > 0
• V IIh : N < 0
• IV : N = 0 , n > 0
• Vh : N − n = 0.
• III ≡ V I−1 .
Here: h = −aiai
N
or basis-independently [4] p.95-96
(1− h)Cb i iCc k k = −2hCj i bCi j c . (VIII.5)
In a further choice of basis in which nij = diag(n1, n2, n3) and ai = (a, 0, 0) one has an1 = 0
the algebra becomes [19]
[e1, e2] = ae2 + n3e3 , (VIII.6a)
[e2, e3] = n1e1 , (VIII.6b)
[e3, e1] = n2e2 − ae3 . (VIII.6c)
The Bianchi classification and the relationship between the nine groups may be illustrated
by a helpful diagram due to MacCallum [20]. Note that type III ≡ Vh=−1. The arrows
indicate contractions. Two groups on the same horizontal level are related by a change of
the matrix nij. This may correspond to signature change or analytic continuation. For
example type IX is so(3) and V III is so(2, 1).
More details are given in Table 1 of [19] or [20].
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FIG. 3: Relationship between Bianchi groups, after MacCallum. Type A or unimodular groups are
on the left hand side and type B or non-unimodular groups are on the right hand side. The arrows
indicate contractions the dotted ones indicating a change of class.
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